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SPINOFF 11A
Newton’s Law of Cooling and Heating: Vaporization of Liquid Helium

Problem

The Kennedy Space Center (KSC) receives helium in liquid form in over-the-road tankers. As
needed, this helium is vaporized, compressed, and fed into A high pressure pipdline that
distributes gaseous hdium to Shuttle Launch Pads A and B the three Orbital Processing Fecilities
(OPFs), the Vehicle Assembly Building (VAB), and other KSC support Facilities. The hdiumis
stored at — 271.5° C. Assume that the helium tank was removed from its refrigeration unit on a
day when the temperature of the surrounding air was 80° F. Also, assume that ten minutes after
the helium was removed from the refrigeration unit, you measured its temperature at — 271° C.
How long will it take for the temperature of the helium to reach — 269.5° C, the temperature at

which helium vaporizes?

In order to solve this problem, we need to know how the temperature of aliquid changes with
time. Isaac Newton first described this processin alaw which later became known as Newton's
Law of Cooling and Hesting. If you are not familiar with Newton's Law of Cooling and

Heseting, dick here
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Mathematical Aside
Newton’s Law of Cooling and Heating
Cooling Coffee: Coffee was heated to 170° Fahrenheit in aroom with air temperature of 70° F

(also called ambient temperature). The temperature of the coffee was measured at two second
intervals over a 50 second time period. The data collected is summarized in the table below.

Time Temperature | Time Temperature
(seconds) (°F) (seconds) (°F)
0 170 26 103
2 163 28 101
4 157 30 99
6 148 32 97
8 140 34 95
10 133 36 93
12 127 38 91
14 122 40 90
16 118 42 89
18 115 44 88
20 112 46 87
22 108 48 86
24 106 50 85

Notice that the rate of cooling is faster when the difference between the temperature of the coffee
and the room temperature is larger. In fact, experiment shows that the rate of change of
temperature varies directly with the difference between the temperature of the coffee T and the
temperature of the surrounding environment Ts. Asaresult, the modd that relates the rate of
change of temperature (T) to the time (t) is the following equation:

Z—I =-K(T - T) for some constant k

In this case, the ambient temperature, Ts, isthe constant 70° F. To see that thisis the sandard
differentiad equation with an exponentid function as solution, we lety =T - T,. Wethen have:

d_T:M:ﬂﬂjl:ﬂ,s'ncethederivativeofTsiso.
dt dt d dt dt

Therefore, if wereplace T - Tg by v, the differential equation becomes:

Yoy, )
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We rewrite this differentid equation as ldy =- kdt. Integrating with respect to t, we find that
y

the solution of the diifferential eguationis In|y| = - kt +C. Changing thisto exponential form
gives|y| =€ " =e“>e°. (Recdl that x* " = x*".) Thus, y=+e°e". Since C represents
any real congtant, +€° represents any non-zero real constant. Thus, y= Ae* isasolution of the

differentid equation (1) where A isany non-zero congtant. In fact, A can even be dlowed to
equd 0, Sncethe function y =0 isasolution of the differentiad eguation (1).

Attimet =0, y isthe difference between the initid temperature T, of the coffee and the room
temperature Tg. Thus, attimet=0,y=T,- T, =Ae*¥ = A

Snce y=T - T, Newton's Law of Cooling becomes
T-T=(T,- e  or T=T, +(T, - T,)e'“

Recdl that the coffee was heated to 170° Fahrenheit in aroom with an ambient temperature of
70°F. Thismeansthat T, =170° F and T4 = 70°F. Thus, the temperature vs. time function
becomes:

T =70+(170- 70)e ™ or T=70+100e

The function is complete except for the value of k. We will now estimate k by plotting the data
from the table and then using trid and error to find the value of k that appears to make the mode
fit the data best. It will be easiest to use technology to plot the data and to graph cooling
functionsfor trid values of k. The keystrokesto do this are given below.

Enter the datain a T1-83™ graphing caculator using L1 for the time values and L2 for the
temperature values. The key strokes to do this are shown below.

STAT 4[CIrList] 2" L1, L2 ENTER {Thisclearsthetwo lists}

STAT ENTER {You are now ready to enter thedata} O ENTER 2 ENTER {Continuein
thisway until dl timesareenteredin L1} ® {Now enter the temperature datain L2.}

We can now creste a scatterplot of the data.

2"d STAT PLOT ENTER ENTER {Turn on the firg gatigtics plot.}

~ ENTER {Turnon the scatterplot.} B ENTER {Let L1 bethe x-values}
® ® ENTER

{Now change the Window parametersto [0, 50, 5, 0, 200, 10].} GRAPH
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Now access Y= and typein the function T =70 +100e “ using areasonable vaue of k. Graph
the function on the screen with the scatterplot and observe how the curvefitsthe data. Continue
this process using different vaues of k until you find a vaue for which the function appearsto fit
the data best.

The following function appearsto fit the data quite well.
T =70+100e ***

Now that you have gained some familiarity with Newton's Law of Cooling and Hearting we turn
to another problem.

Warming orangejuice: A cup of orange at 34° F isremoved from arefrigerator and placed in a
room with temperature of 72° F. Twenty minutes later the temperature of the orange juiceis
40° F. Find the function thet relates temperature T and timet.

Solution

It should be noted that Newton's Law of Cooling and Hegting aso applies to a quantity that is
becoming warmer. Thus, the applicable modd is T =T, +(T, - T,)e . Attimet =0, the
temperatureis34°F. Thus, T, = 34°Fand T = 72° F. Subdtituting these valuesinto the
equation gives:

T=72+34-72e" or T =72- 38"

Since T = 40° F when t = 20 minutes, it follows that 40 = 72 - 38e “*°. Solving for k we get:

_ &38p_-017185 _ 0.0085
-20 -20

Thisimpliesthat T =72 - 38¢ %",

Clihen you are ready to return to Newton's Law of Cooling and Hesting: Vgporization
of Liquid Helium.
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